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We present a Lagrangean-based decomposition that is used to generate solutions for an integrated production and transportation
planning problem in a two-stage supply chain. This supply chain consists of a number of facilities, each capable of producing the
final products, and a number of retailers. It is assumed that the retailers’ demands are known and deterministic, and that there are
production capacity constraints. The problem is formulated as a multi-commodity network flow problem with fixed charge costs which
is a NP-hard problem. An alternative formulation is provided whose linear programming relaxation gives tighter lower bounds. The
quality of the lower and upper bounds from the Lagrangean decomposition is tested on a large set of randomly generated problems.
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1. Introduction

Increasingly more demanding consumers and increased
competition have resulted in individual companies becom-
ing part of large and complex supply chains. Managing the
production, inventory and transportation of commodities
in complex supply chains is a challenging problem. In par-
ticular, high-tech industries, such as the electronics, semi-
conductor and telecommunications industries, which have
capital intensive equipment and a short technology life cy-
cle, struggle with the production and transportation plan-
ning problem in their complex and rapid changing environ-
ment (Wu and Golbasi, 2004). The difficulty of the com-
bined problem is one of the reasons why for many years
practitioners and academics have looked at these problems
separately.

The supply chain we analyze is a two-stage, dynamic sup-
ply chain that consists of a number of facilities, which can
be viewed as a plant with an associated warehouse, and a set
of retailers. The goal is to find a minimum-cost production
and transportation schedule. We propose a network flow
formulation and use a Lagrangean decomposition proce-
dure to provide solutions for this integrated production and
transportation planning problem.

∗Corresponding author

A special case of this problem is the multi-commodity lot
sizing problem. A great deal of work has been devoted to
the multi-commodity lot sizing problem since it is the core
of “aggregated production planning” models. Solutions to
lot sizing problems are often inputs to “master production
schedules” and subsequently, to “materials requirements
planning” systems in a “push” type manufacturing environ-
ment (Nahmias, 1997). Chen and Thizy (1990) show that the
multi-commodity lot sizing problem is strongly NP-hard.
Since the multi-commodity lot sizing problem is a special
case of our problem, this means that our problem is also
NP-hard.

Eppen and Martin (1987) provide a shortest-path formu-
lation for the multi-commodity lot sizing problem. They
show that the Linear Programming (LP) relaxation of the
shortest-path formulation is very effective in generating
lower bounds and that the bounds are equal to those that
could be generated using Lagrangean relaxation or column
generation methods. Most of the promising heuristic ap-
proaches to solve the multi-commodity lot sizing problem
seem to be based on Lagrangean relaxation. Thizy and van
Wassenhove (1985) and Trigeiro et al. (1989) propose a
Lagrangean relaxation of the capacity constraints. They
update the Lagrangean multipliers using a subgradient ap-
proach and propose a heuristic to obtain feasible solutions.
Chen and Thizy (1990) analyze and compare the quality
of different lower bounds using relaxation methods such
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as Lagrangean relaxations with respect to different sets of
constraints and the LP relaxation. Stadtler (1996) intro-
duces novel formulations of the multi-commodity lot sizing
problem and compares their suitability when used to solve
problems with different characteristics.

The problem we study is related to the ones studied by
Chandra and Fisher (1994), Wu and Golbasi (2004) and
Ekşioğlu et al. (2005). Chandra and Fisher (1994) were
among the first to study integrated production-distribution
planning problems. They investigate the effect of coordinat-
ing production and distribution on a single-plant, multi-
commodity, multi-period scenario. Their computational
study shows that the coordinated approach can yield up to
20% in cost savings. Ekşioğlu et al. (2005) analyze the single-
commodity case of the problem studied in this paper. They
propose a primal-dual algorithm that gives tight lower and
upper bounds. Wu and Golbasi (2004) study a similar multi-
facility, single-retailer, multi-commodity, multi-period pro-
duction and transportation planning problem. Their pro-
duction model, unlike ours, considers a bill of materials
for each end-item. They use a Lagrangean decomposition
procedure to solve the problem.

2. Problem formulation

The problem studied here involves the coordination of pro-
duction, inventory and transportation decisions of K com-
modities over a planning horizon of T periods. There are
F facilities that produce and deliver the final product to
R retailers. The facilities have identical production capa-
bilities in the sense that each product can be produced in
each facility. However, the unit production, transportation
and inventory holding costs differ between facilities. The

proposed models can be used for strategic and tactical de-
cisions. Therefore, the time period we refer to in our model
could be as long as a month or more. For this reason, it
is assumed that the cost parameters vary between periods.
Commodities share a common production resource with
item-specific setup costs. The goal is to decide on a produc-
tion schedule for each commodity, so that the sum of the
production, transportation and inventory costs in all of the
facilities is minimized, demand is satisfied and bundle ca-
pacity constraints are not violated. It is assumed that the ini-
tial and ending inventories are zero for all products, all costs
are non-negative, and backlogging is not allowed. If the ini-
tial or ending inventories are not equal to zero then they can
be set to zero by adjusting the demands for either the first or
last period respectively. Also, the backlogging assumption
can be easily relaxed by adding new arcs to the network.

The resulting problem is formulated as a network flow
problem. The structure of this network is illustrated in Fig. 1
for a single-commodity problem. The network consists of
a source node, T layers, and F facilities and R retailers in
each layer. The arcs connecting each facility to each retailer
represent the transportation network. The source node s
supplies the total demand, and the arcs connecting facilities
in one time period to the same facilities in the next time
period are the inventory arcs.

The following notation is used for problem formulation:

Problem data

pitk = unit production cost for commodity k at facility i
in period t ;

sitk = production set-up cost for commodity k at facility
i in period t ;

hitk = inventory holding cost for commodity k at facility
i in period t ;

Fig. 1. Network representation of a single-commodity, two-period, two-retailer, three-facility problem.
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cijtk = unit transportation cost for commodity k from fa-
cility i to retailer j in period t ;

bjtk = demand of retailer j for commodity k in period t ;
vit = production (bundle) capacity at facility i in period

t .
Decision variables

qitk = production quantity of commodity k at facility i in
period t ;

xijtk = amount of commodity k transported from facility
i to retailer j in period t ;

Iitk = amount of commodity k in inventory at facility i
at the end of period t ;

yitk = a binary variable that is equal to one if production
of commodity k occurs at facility i in period t , and
is equal to zero otherwise.

The following is a Mixed-Integer Linear Programming
(MILP) formulation of the problem:
(P):

min
F∑

i=1

T∑
t=1

K∑
k=1

{
sitkyitk + pitkqitk + hitkIitk +

R∑
j=1

cijtkxijtk

}
,

subject to

Ii,t−1,k + qitk =
R∑

j=1

xijtk + Iitk,

i = 1, . . . , F, t = 1, . . . , T, k = 1, . . . , K, (1)
F∑

i=1

xijtk = bjtk,

j = 1, . . . , R, t = 1, . . . , T, k = 1, . . . , K, (2)
K∑

k=1

qitk ≤ vit , i = 1, . . . , F, t = 1, . . . , T, (3)

qitk ≤
R∑

j=1

bjtTkyitk,

i = 1, . . . , F, t = 1, . . . , T, k = 1, . . . , K, (4)
yitk ∈ {0, 1},

i = 1, . . . , F, t = 1, . . . , T, k = 1, . . . , K, (5)

where, bjtTk = ∑T
τ=t bjτk. Constraints (1) and (2) are the

flow conservation constraints at the production and de-
mand points, respectively. Constraint (3) is the production
capacity constraint that reflects the multi-commodity na-
ture of the problem. If it is relaxed then the problem can
be decomposed into K single-commodity problems. Con-
straint (4) is the setup constraint and constraint (5) is the
binary constraint. Standard solvers such as CPLEX can be
used to solve formulation (P).

The above production and transportation planning prob-
lem is a generalization of the classical multi-commodity lot
sizing problem (Eppen and Martin, 1987). When F = 1, all
demands are satisfied from the same facility. This is why we
refer to problem (P) as the multi-facility lot sizing problem

for the case where the demand can be satisfied through dif-
ferent facilities. In other words, we add a new dimension
(facility selection) to the classical problem. The problem
not only identifies the amount of each commodity to be
produced and shipped every period to satisfy demand, but
it also identifies the facility to be used to satisfy the demand.

The special case of problem (P), when there is a single
commodity and a single retailer, has been studied by Wu
and Golbasi (2004) and Ekşioğlu et al. (2005). Wu and
Golbasi (2004) propose a shortest-path algorithm to solve
the problem. Ekşioğlu et al. (2005) propose a primal-dual
algorithm. They extend their algorithm to solve the single
commodity and multi-retailer problem. The running time
of the primal-dual algorithm is O(FRT2).

3. Extended problem formulation

In this section a new formulation for problem (P) is given
that is referred to as the extended problem formulation.
The LP relaxation of the extended formulation is used to
generate lower bounds for problem (P). In the LP relaxation
of problem (P), variable yitk shows the fraction of demand
for commodity k during periods t to T that is satisfied by
production at facility i in period t (constraint (4)). Since
the production in a period (qitk) rarely equals

∑R
j=1 bjtTk,

the LP relaxation of problem (P) does not provide tight
lower bounds. One way to tighten the formulation is to split
the production variables qitk, by destination, into variables
qijtτk (τ = t, . . . , T), where τ denotes the period for which
production takes place. For the new variables, a trivial and
tight upper bound is the demand for commodity k in period
τ of retailer j (i.e., bjτk). The split of the production variables
leads to the following identities:

qitk =
R∑

j=1

T∑
τ=t

qijtτk, xijtk =
t∑

s=1

qijstk,

Iitk =
R∑

j=1

t∑
s=1

T∑
τ=t+1

qijsτk, (6)

where qijtτk denotes the production quantity of commodity
k at facility i in period t to satisfy the demand at retailer j
in period τ . The extended formulation of problem (P) is as
follows:
(Q):

min
F∑

i=1

T∑
t=1

K∑
k=1

(
sitkyitk +

R∑
j=1

T∑
τ=t

c̄ijtτkqijtτk

)
,

subject to

F∑
i=1

τ∑
t=1

qijtτk = bjτk,

j = 1, . . . , R, τ = 1, . . . , T,

k = 1, . . . , K, (7)
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R∑
j=1

K∑
k=1

T∑
τ=t

qijtτk ≤ vit , i = 1, . . . , F, t = 1, . . . , T, (8)

qijtτk − bjτkyitk ≤ 0,

i = 1, . . . , F, j = 1, . . . , R, 0 ≤ t ≤ τ ≤ T,

k = 1, . . . , K, (9)
qijtτk ≥ 0,

i = 1, . . . , F, j = 1, . . . , R,

0 ≤ t ≤ τ ≤ T, k = 1, . . . , K, (10)
yitk ∈ {0, 1},

i = 1, . . . , F, t = 1, . . . , T, k = 1, . . . , K,

(11)

where c̄ijtτk = pitk + cijτk + ∑τ
s=t+1 hisk.

Formulation (Q) resembles the model for the uncapaci-
tated facility location problem where R × T × K customers
can be served by F × T × K facilities. In the facility location
problem (our problem) the decision to be made is whether
or not to open (produce at) facility itk. The cost of open-
ing a facility (setting up the machines) is denoted by sitk.
The unit cost of serving customer jτ (satisfying demand for
retailer j in period τ ) is c̄ijtτk.

In the special case when K = 1 and F = 1, the LP relax-
ation of the extended formulation has an integer solution.
The proof is given by Krarup and Bilde (1977). Although
the same result is not true for problems with multiple fa-
cilities (F > 1), the lower bounds generated solving the LP
relaxation of (Q) are tight.

Proposition 1. The optimal cost of the LP relaxation of the ex-
tended formulation of the multi-commodity and multi-facility
lot sizing problem (Q) is at least as high as the optimal cost
of the LP relaxation of the original formulation (P).

Proof. Every feasible solution to the LP relaxation of the
extended formulation (Q) can be transformed to a solution
to the LP relaxation of formulation (P) using Equation (6).
Thus, an optimal solution for (Q) can be transformed to a
feasible solution for (P). �

4. Lagrangean decomposition heuristic

We apply the Lagrangean decomposition heuristic on the
extended problem formulation (Q). The basic idea of our
decomposition is to separate the multi-commodity problem
into subproblems that are computationally easier to solve
than the original problem. There are many ways one can do
that; however, we aim to decompose the problem so that it
also has interesting managerial implications.

By introducing new continuous variables zijtτk that are
simply “copies” of the production variables qijtτk some of
the constraints in formulation (Q) can be duplicated which

leads to the following equivalent formulation:

min
F∑

i=1

T∑
t=1

K∑
k=1

[
sitkyitk +

R∑
j=1

T∑
τ=t

c̄ijtτkqijtτk

]
,

subject to
Equations (7), (9), (10), and (11),

qijtτk − zijtτk = 0,

i = 1, . . . , F, j = 1, . . . , R, 0 ≤ t ≤ τ ≤ T,

k = 1, . . . , K, (12)
F∑

i=1

τ∑
t=1

zijtτk = bjτk,

j = 1, . . . , R, τ = 1, . . . , T,

k = 1, . . . , K, (13)
R∑

j=1

K∑
k=1

T∑
τ=t

zijtτk ≤ vit , i = 1, . . . , F, t = 1, . . . , T, (14)

zijtτk ≥ 0,

i = 1, . . . , F, j = 1, . . . , R, 0 ≤ t ≤ τ ≤ T,

k = 1, . . . , K. (15)

Relaxing the “copy” constraints of Equation (12) and mov-
ing them to the objective function yields the following
Lagrangean decomposition problem:
(LD (x, z, λ)):

min
F∑

i=1

T∑
t=1

K∑
k=1

[
sitkyitk +

R∑
j=1

T∑
τ=t

{(c̄ijtτk + λijtτk)

qijtτk − λijtτkzijtτk}
]
,

subject to

Equations (7), (9), (10), (11), (13), (14) and (15).

(LD(x, z, λ)) can now be separated into the following two
subproblems:
(SP1):

min
F∑

i=1

T∑
t=1

K∑
k=1

[
sitkyitk +

R∑
j=1

T∑
τ=t

(c̄ijtτk + λijtτk)qijtτk

]
,

subject to

Equations (7), (9), (10) and (11),

and
(SP2):

min
F∑

i=1

R∑
j=1

T∑
t=1

K∑
k=1

T∑
τ=t

−λijtτkzijtτk,

subject to

Equations (13), (14) and (15).

The Lagrangean dual is:
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(LD):

max
λ

v(LD(x, z, λ))

Note that the constraints of Equation (7) are duplicated
and added to (SP2) as constraint (13). Constraint duplica-
tion improves the speed of the convergence (Guignard and
Kim, 1987).

Subproblem (SP1) can be further decomposed by
commodity into k sub-subproblems (SP1k). These sub-
subproblems have a special structure and are relatively
easier to solve. A detailed analysis of (SP1k) can be found in
Ekşioğlu et al. (2005) who propose a primal-dual algorithm
that gives high-quality lower and upper bounds. In Sec-
tion 4.1.1 we propose a dynamic programming algorithm
to solve (SP1k) and in Section 4.1.2, for the sake of complete-
ness, we briefly describe the main steps of the primal-dual
algorithm. On the other hand, subproblem (SP2) is a linear
program, and it is solved using CPLEX callable libraries.
The solution of (SP2) is feasible for problem (Q). However,
since the set-up costs are not considered in the formulation,
we use a simple procedure to calculate an upper bound (see
Fig. 2).

Proposition 2. Lagrangean decomposition of (Q) gives lower
bounds that are at least as high as the objective function value
of the corresponding LP relaxation.

Proof. The Lagrangean decomposition procedure decom-
poses the problem into subproblems (SP1) and (SP2).
Subproblem (SP1) does not have the integrality property.
Therefore, the objective function value we get by solving
(LD) will be at least as high as the objective function value
of the LP relaxation of (Q). �

Proposition 3. Lagrangean decomposition of (Q) gives lower
bounds that are equal to the bounds from Lagrangean re-
laxation of (Q) with respect to the capacity constraints of
Equation (8).

Proof. Let �1 be the set of all feasible solutions corre-
sponding to the LP relaxation of (SP1) and �3 be the
set of solutions satisfying the constraints of Equations (8)
and (10). Let �∗ be the intersection of �3 with the con-

vex hull of �1 (co{�1}). Solving the Lagrangean relaxation
with respect to the capacity constraints of Equation (8)
is equivalent to minimizing the objective function of (Q)
over �∗ (Geoffrion 1974). On the other hand, solving the
Lagrangean decomposition of (Q) is equivalent to minimiz-
ing the objective function over the intersection of �2 = �3∩
Equation (7) with the co(�1) (Proposition 2). Note that
�2 ∩ co{�1} = �∗ ∩ Equation (7) = �∗. �

The lower bounds generated from the Lagrangean de-
composition heuristic are the same as the bounds from
Lagrangean relaxation with respect to the capacity con-
straints. However, we implement the Lagrangean decom-
position approach because the decomposition scheme pro-
vides feasible solutions to (Q) at every iteration.

4.1. Solving the uncapacitated single-commodity problem

An optimal solution to the uncapacitated single-
commodity subproblem (SP1k) has the following proper-
ties (Ekşioğlu et al., 2005): (i) a facility in a time period
t (t = 2, . . . , T) either produces or carries inventory from
period t − 1, but not both; (ii) demand in a time period is
satisfied from a single facility; (iii) every facility in a given
time period either produces the demand for a number of
periods (the periods do not need to be successive) or does
not produce. These properties show that a production, in-
ventory and transportation plan is optimal if and only if
the corresponding arcs with positive flow form an arbores-
cence (rooted tree) in the network. An extreme flow solution
is not necessarily sequential. In a sequential extreme flow
the demand in a number of successive periods is satisfied by
the same facility in a given period. An example would be a
solution in which demands in periods 1 and 3 are satisfied
from production at facility 1 in period 1, and the demands
in period 2 are satisfied from production at facility 2 in
period 2.

The single-commodity subproblem (SP1k) is shown to be
NP-complete (Wu and Golbasi, 2004) even in the following
special cases when R = 1 : (i) transportation costs cit are
non-negative; (ii) transportation costs are ignored and (a)
the holding costs hit are not restricted in sign, or (b) the

Fig. 2. Upper bound procedure.
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period demands bt are constant over periods t = 1, . . . , T ,
or (c) the setup costs sit are constant across facilities i =
1, . . . , F and over periods t = 1, . . . , T .

4.1.1. Dynamic programming algorithm
Let ϒit be the set of all periods covered by production at
facility i in period t in an optimal arborescence. Then the
optimal production plan is:

qit =
T∑

τ=t

qitτ =
R∑

j=1

∑
τ∈ϒit

bjτ , i = 1, . . . , F, t = 1, . . . , T.

Using this information we can now simplify the multi-
facility lot sizing problem to a shortest-path problem in
an acyclic network. Let G′ represent this network. G′ is
built in the following way: let the total number of nodes
in G′ be equal to (T + 1), one for each time period along
with a dummy node T + 1. Traversing arc (τ, τ ′) ∈ G′ rep-
resents the choice of producing in a single facility in a single
time period t = 1, . . . , τ to satisfy the demand in periods
τ, τ + 1, . . . , τ ′ − 1. The cost of arc (τ, τ ′) is calculated us-
ing the following cost function:

gτ,τ ′ = min
i=1,...,F ;1≤t≤τ

sit +
R∑

j=1

τ ′−1∑
l=τ

c̄ijtlbjl . (16)

Let vτ be the minimum cost of a solution for period
τ = 1, . . . , T − 1 and τ ′ ≥ τ . The recursive function for the
multi-facility lot sizing problem is:

vτ

(
F∑

i=1

Ii,τ−1

)
= min

τ ′

{
gτ,τ ′ + vτ ′

(
F∑

i=1

Ii,τ ′−1

)}

and vT

(
F∑

i=1

Ii,T−1

)
= gT,T+1. (17)

The total number of arcs in G′ is equal to T(T + 1)/2.
Given the costs gτ,τ ′ for every arc (τ, τ ′) ∈ G′, the recursive
functions of Equation (17) will provide the optimal solution
in O(T2). The running time of the dynamic programming
algorithm is O(FRT4). The network G′ for a four-period
problem is presented in Fig. 3.

Fig. 3. Network representation of the multi-facility lot sizing prob-
lem with T = 4.

Theorem 1. For every path on G′ that connects node 1 to T +
1, there exists a corresponding extreme point solution in (Q),
and every sequential extreme point of (Q) is represented by a
path on G′.

Proof. First, we show that for every path in G′ that con-
nects node 1 to node T + 1, there is a corresponding ex-
treme point solution in (Q). Let � be the set of all paths in
G′ that connect node 1 to T + 1, and p ∈ �. Since p is a path
in G′, there will be exactly one arc in p starting at node 1 and
exactly one arc ending at node T + 1. Thus, demand in peri-
ods 1 and T will be satisfied. Let (τ, τ ′) ∈ p. By construction
we know that an arc (τ, τ ′) ∈ p implies that demand in pe-
riods τ, τ + 1, . . . , τ ′ − 1 is satisfied from production in a
single facility in a single time period t (t = 1, . . . , τ ). Since
(τ, τ ′) ∈ p, then there will be no other arc in the path that
starts at one of the nodes τ, τ + 1, . . . , τ ′ − 1 and no other
arc that ends at nodes τ + 1, . . . , τ ′. This implies that de-
mand in periods τ, τ + 1, . . . , τ ′ is satisfied from a single
facility in a single time period prior to or beginning at τ .

By definition, there is exactly one arc entering and exactly
one arc leaving every node in a path. Therefore, there will be
exactly one arc entering node τ and exactly one arc leaving
τ ′, which implies that demands in time periods before τ

and after τ ′ are satisfied by production in only one period
at exactly one facility. We conclude that every path in G′
that connects nodes 1 to T + 1 represents a production,
inventory and transportation schedule that satisfies demand
in every period. This schedule is such that demands are
satisfied from production in a single facility in a single time
period. Such a schedule fits the requirements of an extreme
point solution of (Q).

Next, we show that for every sequential extreme point
solution of (Q) there is a corresponding path in G′ that
connects node 1 with T + 1. We define a sequential extreme
flow to be such that: if facility i produces in time period
t , then production satisfies demands (of all retailers) in a
sequence of time periods τ, . . . , τ ′, where τ ≥ t and τ ′ ≤ T .
Consider the following cases:

Case 1. Demands in periods 1 to T are satisfied from pro-
duction in different time periods. This case can
be generalized to all the tree solutions that are
such that the demand in every period is satisfied
from different combinations of facilities and pro-
duction periods. These solutions are represented
by a path p ∈ G′ such that all the nodes are part of
the path (p consists of nodes 1, . . . , T + 1 and arcs
(1, 2), (2, 3), . . . , (T, T + 1)).

Case 2. Demands in periods τ, . . . , τ ′ are satisfied from
production in the same facility in the same time
period. All extreme flow solutions that satisfy this
condition have a single arc (τ, τ ′) ∈ G′ and no other
arc that enters nodes τ + 1, . . . , τ ′ or leaves nodes
τ, . . . , τ ′ − 1.
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Case 3. Demands in periods τ, . . . , τ ′ are satisfied from
production in different facilities in the same time
period or from production in the same facility in
different time periods. All extreme flow solutions
in (Q) that satisfy this condition are represented
by a sequence of arcs in G′ such that there will
be an arc entering node τ ∈ G′ followed by a se-
quence of arcs (τ, τ + 1), (τ + 1, τ + 2), . . . , (τ ′ −
1, τ ′).

This shows that every sequential extreme flow
solution to (Q) is represented by a path in G′.

Based on Theorem 1, the dynamic programming algo-
rithm gives the optimal solution to subproblem (SP1k) if
the optimal solution is sequential and therefore satisfies
the following conditions: (i) no simultaneous production
over more than one facility can take place in a given period
i.e., qit × qlt = 0 for i, l = 1, . . . , F, i 	= l; t = 1, . . . , T ; (ii)
no production will be scheduled at all if there is inventory
carried over from a previous period in one of the facilities
i.e., qit × Il,t−1 = 0 for i, l = 1, . . . , F, i 	= l, t = 1, . . . , T.

4.1.2. Primal-dual algorithm
The dual of the LP relaxation of the extended formulation
of (SP1k) has a simple structure. This special structure can
be exploited to obtain near-optimal feasible solutions and
lower bounds by inspection.

A dual feasible solution is obtained by calculating the
value of the dual variables νjτ (j = 1, . . . , R, τ = 1, . . . , T)
sequentially using the following equation:

νjτ = min
i=1,...,F ;τ≥t

{
c̄ijtτ + Mijt,τ−1

bjτ

}
, (18)

where, Mijt,τ−1 = sit − ∑R
l=1

∑τ−1
s=t bls max(0, νls − c̄ilts) −∑j−1

l=1 blτ max(0, νlτ − c̄iltτ ).
A backward construction algorithm is then used to gener-

ate primal feasible solutions. The algorithm sets qijtτ = bjτ
when c̄ijtτ − νjτ − max(0, νjτ − c̄ijtτ ) = 0 and sets yit = 1 if
sit = ∑R

j=1

∑T
τ=t bjτ max(0, νjτ − c̄ijtτ ).

4.2. Subgradient optimization algorithm

Subgradient optimization (Nemhauser and Wolsey, 1988)
is an iterative method in which steps are taken along the
negative of the subgradient of the Lagrangean function z(λ)
(z(λ) = v(LD(x, z, λ)). At each iteration s, we calculate the
Lagrangean multipliers λitτk using the following equation:

λs+1
itτk = λs

itτk + us(qitτk − zitτk), (19)

where

us = γ s(minUB − maxLB)∑F
i=1

∑T
t=1

∑T
τ=t

∑K
k=1(qitτk − zitτk)2

,

maxLB (minUB) is the best lower (upper) bound found up to
iteration s, and γ s ∈ (0, 2]. γ s is reduced if the lower bound
fails to improve after a fixed number of iterations. The algo-
rithm is terminated if one of the following happens: (i) the
best lower bound is equal to the best upper bound (the opti-
mal solution is found); (ii) the number of iterations reaches
a prespecified bound; or (iii) the scalar γ s is less than or
equal to ε (a predefined number close to zero). Figure 4
presents the steps of the Lagrangean decomposition algo-
rithm. This subgradient optimization algorithm is one of
many subgradient “recipes” proposed over the years. For a
short recent account see Crainic et al. (2001).

Fig. 4. Lagrangean decomposition algorithm.
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4.3. Managerial interpretation of the decomposition

The choice of the Lagrangean decomposition scheme we de-
velop is motivated not only by its computational capability
but also by its interesting managerial implications. Several
studies (including those of Burton and Obel (1984) and
Jörnsten and Leisten (1994)) have recognized that math-
ematical decomposition often leads to insights for general
modeling strategies and new decision structures. In this dis-
cussion we refer to subproblem (SP1) as the product (com-
modity) subproblem and (SP2) as the resource subproblem.

The proposed decomposition helps in understanding and
solving managerial issues that arise in multi-facility manu-
facturing planning. The resource subproblem can be viewed
as a decision problem for a production manager who super-
vises multiple facilities, and each product subproblem can
be viewed as a decision problem for a product manager.
Therefore, the decomposition can be viewed as a decision
system where product managers compete for the resource
capacity available from manufacturing facilities. The pro-
duction manager, on the other side, is interested in effi-
ciently allocating resources from multiple facilities to the
products. Often the solutions proposed by the production
manager will disagree with the individual solutions of prod-
uct managers. A search based on the Lagrangean multipli-
ers basically penalizes their differences, while adjusting the
penalty vector iteratively. This process stops when the de-
gree of disagreement (the duality gap) is acceptably low
or when further improvement is unlikely. Wu and Golbasi
(2004) present a similar discussion on a related problem.

5. Computational results

The objective of our computational analysis is to test the
performance of the Lagrangean decomposition algorithm
and identify factors that affect its performance. For this
purpose, two sets (small and large sized) of random prob-
lems are generated. The algorithms were written in the C-
programming language and were then compiled and exe-
cuted on a HP personal computer with a 2.0 GHz Intel
Pentium 4 processor and a 512 MB RAM.

The tightness of the upper bounds on production arcs is
one of the factors that affects the problem complexity. If
the arc capacities are very tight then there are only a few
feasible solutions, which makes the search for the optimal
solution easy. On the other hand, if the arc capacities are
so loose that the capacity constraints can be removed from
the formulation then the problem loses its multi-commodity
nature. In this case the problem can be decomposed into K
single-commodity problems. In order to create challeng-
ing test problems the upper bounds were calculated in the
following way. A necessary condition for feasibility of the
problem is:

F∑
i=1

t∑
τ=1

viτ ≥
R∑

j=1

t∑
τ=1

K∑
k=1

bjτk, ∀t = 1, . . . , T. (20)

Under the assumption that all facilities in any time period
have the same production capacity v̄:

F∑
i=1

t∑
τ=1

viτ = Ft v̄,

thus

v̄ ≥ 1
Ft

R∑
j=1

t∑
τ=1

K∑
k=1

bjτk, ∀t = 1, . . . , T.

In fact v̄ should be such that the following is satisfied:

v̄ = δ

F
max

t

∑R
j=1

∑t
τ=1

∑K
k=1 bjτk

t
.

Where δ(≥1) is the capacity tightness coefficient. Using this
procedure we generated challenging (but feasible) test prob-
lems with tight capacity constraints.

5.1. Small-sized problems

Table 1 presents the characteristics of the small-sized prob-
lems. The supply chain for these problems has three facil-
ities, six retailers and seven periods. There are three com-
modities produced and shipped to customers. The tight-
ness coefficient for the production arcs is 1.3. Production
variable costs and holding costs are uniformly distributed
in [5, 15]. To generate meaningful transportation variable
costs, we uniformly generated points on a [0, 10] square
corresponding to the facilities and retailers. The Euclidean
distances between the facilities and the retailers were used
as unit transportation costs.

The small-sized problems have the same number of vari-
ables. Problems differ from one another in terms of the
value of the set-up costs and demands. Demand and setup
costs are uniformly distributed. For each problem 20 in-
stances were generated. The presented results are averages
over the 20 instances. The above parameters are the same
as those used in Chen et al. (1994), Wu and Golbasi (2004)
and Ekşioğlu et al. (2005) for related problems. In im-
plementing the Lagrangean decomposition algorithm, for
all problem instances γ = 1.8 initially. γ was reduced by
20% if there was no improvement in the last five itera-
tions. The Lagrangean decomposition algorithm stops after
100 iterations.

Table 1. Characteristics of the small-sized problems

Demand

Set-up costs 100–200 50–200 50–100 40–60

200–300 Problem 1 Problem 6 Problem 11 Problem 16
200–900 Problem 2 Problem 7 Problem 12 Problem 17
600–900 Problem 3 Problem 8 Problem 13 Problem 18
900–1200 Problem 4 Problem 9 Problem 14 Problem 19
1200–1500 Problem 5 Problem 10 Problem 15 Problem 20
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Table 2. Duality gap (%) for small-sized, single-commodity
problems

Dynamic Dynamic
Problem Primal prog. Problem Primal prog.

1 0.30 2.42 11 0.96 1.05
2 1.00 2.09 12 2.12 1.58
3 1.87 1.73 13 5.66 1.48
4 3.27 1.14 14 6.89 0.68
5 4.53 1.26 15 8.71 0.80
6 0.58 2.05 16 1.98 1.81
7 1.06 1.51 17 3.74 1.11
8 2.95 1.55 18 5.50 0.97
9 4.06 1.25 19 9.42 0.73

10 5.89 0.99 20 10.34 0.70

For these problems, the quality of the lower and upper
bounds generated using the Lagrangean decomposition al-
gorithm were compared to the optimal solutions (these re-
sults will be presented in Tables 3 and 4). The optimal so-
lutions were found by solving the MILP formulation (Q)
using CPLEX 9.0 callable libraries. The gap is measured as
follows:

Gap (%) = CPLEX − Lagrangean
CPLEX

× 100.

Subproblem (SP1k) can be solved to optimality using
CPLEX. However, we tested the effectiveness of the primal-
dual and dynamic programming algorithms as heuristics in
the context of the subgradient search algorithm. The poten-
tial computational savings from using these heuristics (in-
stead of using CPLEX) is significant since the subgradient
search requires solving K single-commodity subproblems
in each iteration. If a problem instance considers ten com-
modities for example, this results in up to 1000 calls to the
subproblem (note that the maximum number of iterations
is 100).

Three schemes were developed to run the Lagrangean
decomposition algorithm: (i) subproblem (SP1k) for k =
1, . . . , K) was solved optimally using CPLEX (scheme 1);
(ii) a lower bound was generated for subproblem (SP1k) by

Table 3. Quality of lower bounds (% gap) for small-sized problems

Problem Sch 1 Sch 2 Sch 3 Problem Sch 1 Sch 2 Sch 3

1 0.15 0.15 0.61 11 0.34 0.34 1.32
2 0.34 0.34 1.27 12 0.76 0.77 2.35
3 0.43 0.43 1.90 13 1.09 1.09 3.37
4 0.92 0.92 2.89 14 1.26 1.27 3.30
5 0.98 0.98 3.19 15 1.49 1.49 3.75
6 0.18 0.18 0.84 16 0.42 0.43 2.01
7 0.39 0.40 1.41 17 0.88 0.88 3.16
8 0.57 0.58 2.37 18 1.27 1.28 3.83
9 1.10 1.10 3.26 19 1.84 1.85 4.49

10 1.22 1.22 3.41 20 1.62 1.64 4.34

Table 4. Quality of upper bounds (% gap) for small-sized problems

Problem Sch 1 Sch 2 Sch 3 Problem Sch 1 Sch 2 Sch 3

1 0.13 0.13 0.28 11 0.37 0.35 0.89
2 0.47 0.48 1.02 12 1.20 1.14 2.10∗
3 0.60 0.58 1.80 13 2.08 2.04 2.39∗
4 1.41 1.47 2.03∗ 14 3.56 3.51 3.65∗
5 1.51 1.58 1.91∗ 15 4.55 4.53 4.91∗
6 0.20 0.22 0.47 16 0.51 0.48 1.25
7 0.55 0.51 1.43 17 1.39 1.43 2.14∗
8 1.12 1.08 2.33∗ 18 2.91 2.72 2.81∗
9 2.13 2.08 2.43∗ 19 4.74 4.80 4.83∗

10 2.10 1.96 2.48∗ 20 5.18 5.30 5.38∗

∗Refers to problems where subproblems (SP1k) are solved using the dy-
namic programming algorithm.

solving the LP relaxation of the corresponding extended
formulation using CPLEX (scheme 2); and (iii) a lower
bound was generated for subproblem (SP1k) using the dual
of the primal-dual algorithm (scheme 3).

Note that, in order to find a subgradient direction at each
step of the Lagrangean decomposition procedure, we need
to find a feasible solution to subproblem (SP1). Feasible
solutions are found using the primal of the primal-dual
algorithm and the dynamic programming algorithm.

In order to compare the performance of these algorithms,
problems 1 to 20 were solved for the case when the number
of commodities is equal to one and there are no bundle
capacities. The results presented in Table 2 show that for
problems with large set-up costs and small demands, the
dynamic programming algorithm performs better.

Because the LP relaxation of the extended formulation
gives near-optimal solutions, the difference in the quality
of the lower bounds generated using schemes 1 and 2 was
no more than 0.01% (Table 3). However, the time it takes to
solve the problem using scheme 2 is considerably shorter.
The gap (for the lower bounds) among the three schemes
is no more than 3%. Scheme 3, however, gives the shortest
running times.

The quality of upper bounds from the three schemes is
comparable (Table 4). The algorithms seem to give the worst
performance for problems with a small demand levels and
high set-up costs. The reason for such a performance is be-
cause our problem is an MILP with binary set-up variables,
and as the set-up costs increase the problem behaves closer
to a combinatorial problem than to a LP problem. The run-
ning time of the Lagrangean algorithm using schemes 2 and
3 were less than 1 CPU second whereas scheme 1 took up
to 19 CPU seconds.

5.2. Large-sized problems

The group of large-sized problems consists of 35 prob-
lems. We first created a nominal case problem and then
altered the nominal case by changing one characteristic at
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Fig. 5. Summary of results (gap in %) for large-sized problems.

a time to generate additional problems. For each prob-
lem class 20 instances were generated, and the averages
over the 20 instances are presented. The nominal prob-
lem has the following characteristics: sitk ∼ U [200, 300],
pitk ∼ U [5, 15], hitk ∼ U [5, 15], bjtk ∼ U [100, 200], F = 10,
T = 10, K = 20, R = 30, δ = 1.3. First, the number of fa-
cilities was changed from ten to 11, . . . , 15 generating prob-
lem classes 1 to 6 (problem class 1 is the nominal case). In
problem classes 7 to 12 the number of periods is changed
from ten to 15, . . . , 35. Then, the number of commodities
was changed from 20 to 25, . . . , 50 (problem classes 13 to
18). In problem classes 19 to 25 the number of retailers was
changed from 30 to 35, . . . , 60. Finally, the capacity tight-
ness coefficient was changed (δ) to 1.10, 1.20, 1.25, 1.30,
1.35, 1.40, 1.45, 1.50, 1.55 and 1.60 (problem classes 26
to 35). For the large-sized problems, we were unable to find
optimal solutions because CPLEX ran out of memory. Fig-
ure 5 presents the gap between the lower and upper bounds

generated using Lagrangean decomposition procedure. For
this set of problems, subproblems (SP1k) were solved using
the primal-dual algorithm. The running times vary from 4
to 87 CPU seconds.

The results in Fig. 5 indicate that increasing the num-
ber of facilities increases the duality gap (problems 1 to 6).
Adding the facility selection dimension to the classical lot
sizing problem makes the problem complex. Increasing the
number of commodities that flow on the network improves
the quality of the lower bounds (problems 13 to 18). In-
creasing the number of retailers (problems 19 to 25) and
the capacity tightness coefficient (problems 26 to 35) im-
proves the quality of the lower bounds from the Lagrangean
decomposition algorithm. Increasing the number of retail-
ers, increases the total demand and as a result increases the
flow in the network. This in turn, increases the total variable
costs which makes the problems easier to solve. Increasing
the tightness coefficient increases the available capacity and
leads to easier problems.

The results in Fig. 6 indicate that increasing the length
of the planning period increases the running time of the
algorithm (problems 7 to 12). Also, increasing the number
of commodities increases the running time of the algorithm
because of the increase in the number of subproblems (SP1k)
to be solved at every iteration. The other factors do not seem
to affect the running time of the algorithm.

6. Conclusions

In this paper we have presented an integrated production
and transportation planning problem in a two-stage supply
chain. The problem was modelled as a multi-commodity
network flow problem with fixed-charge arc costs, and a
new formulation for this problem has been presented that
is referred to as the extended formulation.

A Lagrangean decomposition procedure is proposed to
generate lower and upper bounds for this problem. The

Fig. 6. Summary of running times for large-sized problems.
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performance of the algorithm has been tested on a large
set of randomly generated data. We present our compu-
tational experience with both small and large-sized prob-
lem sets. For the small-sized problems, a lower and an up-
per bound were generated using the proposed algorithm
and the bounds were compared to the optimal solution
(found solving the MILP formulation of the problem us-
ing CPLEX). For the large-sized problems, the gap between
the lower bounds and the corresponding upper bounds are
presented. CPLEX fails to solve these problems because
of their size. The computational results show that the per-
formance of the algorithm is affected by the ratio of total
variable to fixed costs, demand and number of facilities. The
length of the time horizon affects the running time of the
algorithm.
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